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Abstract: The electromagnetic characteristics of microwave circuits can be described by the scattering
matrix. This results in a three-dimensional boundary value problem, which can be solved using the Finite
Difference method in the Frequency Domain (FDFD). A time consuming part of the FDFD-method is the
solution of large systems of linear algebraic equations. The coeffcient matrix is sparse, symmetric, and
indenite. Using multicoloring and independent set orderings essential numerical improvements are achieved.

1. INTRODUCTION
Maxwell's equations in a general source-free and linear medium in a time harmonic
and integral form can be expressed as
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Constitutive relations between the field quantities are determined by the
macroscopic properties of the medium being considered.
D = εE
(5)
B = µH
(6)
We wish to solve Maxwell's equations on a regular three-dimensional domain ν that
has a closed boundary surface denoted by ∂ν . We assume that the domain ν has been
discretized into structured orthogonal hexahedral cells. Each cell has a closed boundary
surface denoted by νΩ. Each face Ω is surrounded by a closed contour ∂Ω . The linear
isotropic material properties ε r and µr are constant in each cell. In this paper, only lossless
materials are taken into consideration. Therefore, the quantities ε r and µr are real. The
boundary conditions on ∂ν are as follows: On some parts of the surface the tangential
electric field is given by an eigenvalue problem (see [2] and [6]). These parts of ∂ν are
called ports. On the remaining parts of ∂ν either the tangential electric field or the
tangential magnetic field tan vanishes. In the former case the surface is called electric wall,
and it describes a metal with infinite conductivity. The case is called magnetic wall. This
concept is useful to describe a symmetry plane of the field (which allows to reduce the
domain υ to one half of the volume of the structure under investigation).
The elementary cell of the Yee grid [13] is shown in Figure 1. The locations of the
electric and magnetic fields do not coincide with the nodes i, j, k of the Cartesian grid. The
electric field components are located at the centers of the edges of the cell and the
magnetic flux density components are normal to the centers of the faces. The FDFDmethod requires the use of a dual grid.
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Figure 1: The elementary cell for the Yee algorithm with sampling locations
of field quantities.

The dual grid and its structure are completely derivable from knowledge of the
primary grid. Figure 2 shows an eight-cell hexahedral primary grid and its one interior dual
cell. The primary grid is the grid that is initially created. The electric field components lie on
the centers of the edges of the primary cell. We define the barycenters of all primary cells.
Then we construct edges of the dua l grid (dual edges) by connecting barycenters of
adjacent cells with straight lines. The barycenters of two cells will be connected if and only
if the two cells have a common face. Then the magnetic ux density components lie on the
dual edges, i.e. on the edges of the dual cell.
2. THE SYSTEM OF ALGEBRAIC EQUATIONS
We use the lowest-order integration formulae:
∫∂fΩd s ≈ ∑ fi ∗ (± s i ), ∫Ωf d Ω ≈ fΩ
i

(7)

in order to approximate Maxwell's equations (see (1) – (4)). The closed path ∂Ω of the
integration consists of straight lines of length si and is the path around the periphery of any
cell face Ω of the primary and dual grid, respectively. The algebraic sign of length si in (7)
depends on the direction of integration. fi denotes the function value on the line with the
length si. Ω is the area of any cell face of the primary and dual grid, respectively. The
function value f lies on the cell face Ω.
Applying (7) to Equ. (2) yields (see [12])
The matrix A represents the curl operator in the Maxwellian equation (2) and
consists only of the elements -1, 0 and 1. The diagonal matrices Ds and DA contain the
information on cell dimensions for the specified structure. Similarly, one has for Equ. (1)
Here, the matrix AT represents the curl operator in the Maxwellian equation (1) and
is the transposed matrix of A. The diagonal matrices Ds/µ and DAε contain the information
on cell dimensions and material for the specified structure and the mesh.
Note that, strictly speaking, this approach represents a finite integration scheme.
Nevertheless, since the resulting formulae are identical to the finite difference form, in
most cases the more common term FDFD is used.
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Figure 2: An eight cell primary grid and its one interior dual cell.

We combine the Equations by substituting the magnetic flux density components:
Q1 e = 0;Q1 = AT D s D A−1ASDs − k 02 DAε
(8)
µ

k0 = ω ε 0 µ0
(9)
In order to determine the scattering matrix, ports are defined on the surface of the
structure. Their in-and outgoing wave modes act as sources for the field inside the domain
(see [2] and [6]). Thus, a source term has to be induced by partitioning of the matrix Q1.
The matrix representation of the Maxwellian equation (3) for the dual grid reads:
(10)
∫ ε r ε 0 E d Ω = 0 ⇒ BDAε e = 0
νΩ

(

)

The matrix B represents the integral over a closed surface υΩ of the corresponding
elementary cell and consists only of the elements -1, 0 and 1. We want to combine the
information of Equations (8) and (10). Whereas (10) describes in the physical threedimensional space a vectorial field, Equ. (10) represents a scalar one. Therefore, we build
instead of (10) without loss of generality the vector equation:
 1

(11)
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Q 2 e = 0,Q 2 = Ds−1DAε B T DV−cc1 BDAε
(12)
The diagonal matrix DVcc contains the information on cell dimensions and material.
We carry out a similar partitioning like (11) for the Equation (12) and then transform this
equation into a symmetric one.
3. NUMERICAL EXAMPLE
The reduction of the computing time is demonstrated by calculating of the scattering
matrix of a structure consisting of a microstrip line on a dielectric substrate grounded at
one end by a via hole. The structure is divided into nxyz = 60 984 elementary cells with nx =
33,
ny = 28, and nz = 66. The order of the system of linear algebraic equations is n =
≈

≈

3nxyz = 182952. The total number of nonzeros of the matrix A = A0 (26, 29) amounts to
1145738 for this example where only nnz = 664345 elements are stored. We apply an
independent set ordering to the matrix A0 with the level nlev = 1 to obtain the reduced
matrix A1. The order of the reduced system of linear equations is nr = 84207. The total
number of nonzeros of the matrix A1 amounts to 1514129. The number of stored nonzeros
is nnzr = 799168.
We now consider four possibilities of preconditioning for the given coeficient matrix
A to solve the linear system of equations.
1. The Eqn. is to be solved for nlev = 0. This system of linear algebraic equations is used
in [2].
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2. Using the preconditioner M = M 1 M 2 the system is to be solved for nlev = 0.
3. Using the preconditioner M = M 1 M 2 the system is to be solved for nlev = 1.
4. The preconditioned system with the coeficient matrix A is to be solved for nlev = 1 by
using Eisenstat's trick.

Figure 3: Number of iterations and execution times for the calculation of the scattering matrix.

Figure 3 shows the number of iterations and execution times (in seconds) for the
four methods of preconditioning. The time data refer to a SGI workstation. The system of
linear algebraic equations was solved by the algorithm described in [3]. The stopping
criterion was in each case a reduction of the norm of the residual by 10-8. Both the time for
the iteration algorithm and the total time for the subroutine call are given. We observe that
the SSOR preconditioner combined with the independent set ordering is very efective in
solving the linear system of equations.
4. CONCLUSIONS
The Finite Difference method in Frequency Domain allows the computation of the
scattering matrix of a given structure for a number of simultaneously excited modes. This
is an advantage compared with calculations in the Time Domain. The price to be paid is
the time-consuming solution of large systems of linear algebraic equations. We have
studied various methods to do this effectively and found that the SSOR preconditioning
combined with the independent set ordering is a very effcient method.
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