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Abstract – The singularity expansion method (SEM) is applied to study the interaction of a 
transient electromagnetic plane wave with a printed strip antenna. The SEM is an 
attractive technique for this problem since the time-domain response of the element is 
separated into excitation-independent natural resonances and modes, which have 
considerable physical significance, and closed-form coupling terms which can be rapidly 
evaluated as the geometric or temporal properties of the source change. The purpose of 
this work is to demonstrate the SEM as applied to the transient microstrip problem, and to 
study the effect of varying the properties of the printed circuit substrate over a range of 
values typically found in microstrip antenna applications. The transient response due to a 
step and Gaussian excitation is studied, where it is found that the level of transient signal 
induced on a printed element increases with increasing substrate thickness and decreases 
with increasing substrate permittivity. The shape of the induced voltage or current 
waveform is highly dependent on the geometric and temporal properties of the source for 
elements printed on relatively thin substrates, while the elements printed on thicker 
substrates the shape of the induced waveform is much less sensitive to the form of the 
excitation, and resembles the oscillation of the fundamental resonance of the antenna. 
 
1. INTRODUCTION 
 

With the increasing use of microstrip antennas and circuits, the transient behavior of 
printed conductors in the layered microstrip geometry is receiving attention. Analytical 
expressions for the transient radiation field of a Hertzian microstrip 

Also in [1], analytical expressions for the transient radiation field of a microstrip 
transmission line with a known current distribution are obtained. The transient voltages 
and currents induced on a microstrip line by an electromagnetic (EM) field has been 
studied using a distributed-source transmission-line model [2]. 

The interaction of a transient EM pulse with a microstrip patch antenna has been 
analyzed using a finite difference scheme [3], also with the identification of an analytical 
equivalent circuit. The purpose of this work is to analyze the behavior of a microstrip dipole 
element excited by a transient plane wave. Microstrip antennas are used in air and 
spacecraft applications since they are lightweight and conformal. These antennas may be 
exposed to external transient fields of man-made origin, such as short-pulse radar, or 
natural sources such as lightning. In almost all cases the incident field can be modeled by 
a plane wave with a prescribed temporal behavior. The singularity expansion method 
(SEMI [4], [5] is used here, which yields accurate results in closed form subsequent to 
identification of the element’s natural resonances and natural modes, and provides good 
physical insight into the interaction of a transient EM field with a microstrip element. A 
previous paper [6] presented results from application of the SEM to the timeharmonic 
radar cross section (RCS) analysis of a microstrip dipole. That work is extended here to 
include the transient microstrip problem. It is found that the late-time transient SEM current 
can be represented as a simple residue series, similar to the free-space object case, even 
though the microstrip element resides in a layered media background. This background 
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environment supports surface waves and introduces dielectric loss to the system, and is 
accounted for by using an appropriate microstrip Green’s function. 
 
2. THEORY 
 

The printed strip geometry with a lumped load impedance Zt, is shown in Fig.1. An 

α-polarized transient EM plane wave, ( )





























⋅−=

∧
∧

c
krtfEtrE ii

0, α , is a incident on a 

conducting strip off width w and length L. The strip resides at the dielectric interface of a 
grounded dielectric slab of thickness d, having relative permittivity εr, and loss tangent 
tanδ. 

The electric field in the space above the strip maintained by currents on the strip is 
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rGe  is an appropriate electric dyadic Green's function for the layered geometry 

[7] with the free-space wavenumber and intrinsic impedance given by k0, η0, respectively. 
The Green's function in (1) rigorously accounts for all wave phenomena associated with 
the conducting element, such as surface-wave excitation and dielectric loss. The current 
induced on the conductor by some impressed excitation can be obtained by forming an 
electric field integral equation (EFIE), which enforces the boundary condition for the 
tangential electric field on the element's surface. 

 
Fig. 1. Geometry of microstrip element. 

The SEM representation of the current density on the conducting element consists 
of a series of pole-singularities 
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where the ωq'
s are the complex natural frequencies of the element, distributed 

symmetrically about the Im {ω} axis in the upper-half Fourier transform plane. The natural-
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moje current distribution associated with the q-th natural mode is qk , and Aq, is the 
corresponding coupling coefficient [4], [6]. The complex natural resonant frequencies and 
natural modes are determined by a numerical root search of a homogeneous EFIE [4]. 

Upon defining a Fourier transform pair: 
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the time-domain current can be obtained by standard complexplane analysis. Ignoring 
possible branch point singularities, and assuming all pole singularities lie in the upper-half 
frequency plane, the real line Fourier inversion integral is closed with a semicircle of 
infinite radius in the lower half plane for t < 0 to provide a null response. For t > 0, the 
inversion integral is closed with a semicircle of infinite radius in the upper-half plane, 
leading to: 
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where Rq, is a small circle surrounding the q-th pole. Upon invoking the SEM expansion 
(2) for ( )ω,rK , and performing the integration around Rq, the time-domain response is 
found as: 
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Exploiting symmetry of the poles, the time-domain current becomes: 
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where ωqi, ωqr, are the imaginary and real parts, respectively, of the q-th complex resonant 
frequency. The time-domain current density is therefore obtained in closed form 
subsequent to determination of the object's natural modes. 
 
3. NUMERICAL RESULTS 
 

Numerical results generated with the SEM are presented in the following, and in 
some cases compared to a numerical inverse Fourier transform (IFT) of a full-wave 
method of moments (MOM) solution, which is described in [6]. The temporal Fourier 
inversion of the MOM solution was verified by comparison to results published for a wire 
above a ground plane without any dielectric present [8]. This comparison was 
accomplished by setting εr = 1,0 in the grounded dielectric slab Green's function. The 
MOM code with numerical inverse Fourier transform inversion was found to be in excellent 
agreement with the previously published results, and it will be used to verify the SEM 
solution. 

The response of a microstrip element to step and Gaussian excitations will be 
analyzed here. The step waveform has f( t ) = u(t), where u(t) is the unit step waveform. 
The Gaussian waveform is given by ( ) ( )202 ttaetf −−=  where a = 1,665/σ and t0 = 2,1459/a, 
with to locating the center of the pulse and σ being the half-amplitude pulse-width [9]. In 
the following figures, the strip is loaded with a 50Ω lumped load impedance located at its 
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center, which is the location of the time reference, and all results are presented for Eθ, 
polarization with φ = 0°. The substrate has tanδ = 0,001, which is assumed to be constant 
over the range of frequencies considered here. In Figs. 2 and 3, eight SEM modes were 
used, whereas in Figs. 4-6 five SEM modes were used. 

 

 
Fig. 2. Induced voltage (mv/E0,L) in a 50Ω load due to a plane wave step excitation versus normalized 
time for several incidence angles, (a) d/L = 0,04, (b) d/L = 0,25. Full-wave MOM solution is also shown 

(dashed line) for θ = 0°, 60°, εr = 2,2, tanδ = 0,001, W/L = 0,001. 
Fig. 2 shows the voltage induced over the load impedance for an impressed field 

having a step behavior in time. The voltage is shown as a function of normalized time, 
where c = speed of light. The element is printed on a dielectric slab ( εr = 2,2) with d / L = 
0,04 and 0,25 for Figs. 2(a) and (b), respectively. The IFT MOM solution is also shown 
(dashed line) for θ = 0° and θ = 60°. For the thin substrate case, the level of the induced 
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voltage is relatively insensitive to the angle of incidence, while the shape of the waveform 
is highly dependent upon angle. For the thick substrate case the level of the induced 
voltage is sensitive to the angle of incidence (and is generally larger than for thin 
substrates), while the shape of the waveform is essentially that of the fundamental mode. 

Fig. 3 shows the voltage induced by a step and Gaussian waveform at θ = 60° for 
an element printed on a relativity thick substrate, d/L = 0,25 with εr = 2,2. The solid vertical 
line at ct/L ≈ 0,75 shown in Fig. 3 represents the transition between "late-time,'' where the 
incident waveform has completely swept past the object and natural resonances have 
been established, and "early-time'', where the incident waveform is illuminating the object. 
It is well known that the SEM representation (using the form of coupling coefficients shown 
here, referred to as class-1 coefficients) is most applicable in the late time. For the 
microstrip geometry, the SEM response does not yield accurate results until the incident 
waveform has reached the element subsequent to reflection from the ground plane. This 
delay is so slight for the substrate of thickness d/L = 0,04 that it can be ignored. 

 
Fig. 3. Induced voltage in a 50Ω load due to a plane wave excitation 

versus normalized time for step excitation and Gaussian (σ = 0,02) excitations. 
εr = 2,2, tanδ = 0,001, d/L = 0,25, W/L = 0,001, θ = 60° 

 
Fig. 4 shows the SEM-predicted maximum load voltage induced by a step and 

Gaussian function plane wave, as the substrate thickness is increased. It can be seen that 
value of the induced voltage increases considerably as the substrate thickness increases. 
The increase in the magnitude of the induced voltage, as well as the shape of the induced 
voltage waveforms, can be understood by considering the trajectories of the natural 
resonances (of an impedance-loaded dipole) in the complex frequency plane, shown in 
Fig. 5 as substrate thickness and permittivity vary. The first five resonances are shown as 
substrate thickness varies from d / L = 0,04 ÷ 0,475. As the substrate thickness is 
increased, the fundamental (first) resonance is relativity unaffected, since this mode has a 
current maximum at the location of the load impedance. The load impedance overwhelms 
any damping due to radiation or substrate loss, which varies as the substrate thickness 
changes. The higher order resonances are less affected by the load impedance, and show 
considerable sensitivity to substrate thickness. For thin substrates the shape of the voltage 
waveform depends on several natural modes, resulting in the variation of waveform shape 
with angle shown in Fig. 2(a). For larger values of substrate thickness, the element's 
response will be increasingly dependent on the fundamental resonance, as the higher-
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order singularities move away from the Re {ω) axis. The shape of the induced waveform is 
seen to rapidly evolve into the temporal oscillation of the fundamental resonance (Fig. 
2(b)), which is also expected considering its pole location relative to the higher-order 
resonances. The radiation resistance for the fundamental resonance of a microstrip dipole 
radiator generally increases with increasing substrate thickness until the onset of the TE1, 
surface wave mode [10], which accounts for the increase in the level of the induced 
waveforms shown in Fig. 4. The level of induced signal depends on angle through the 
angular dependence of the coupling between the excitation and the fundamental mode. 

 
Fig. 4. Maximum induced voltage over a 50Ω load as a function of 

substrate thickness. εr = 2,2, tanδ = 0,001, W/L = 0,001, θ = 60° 

 
Fig. 5. Trajectories of first-order pole singularities as substrate thickness 

and permittivity varies. Substrate thickness: d/L = 0,04÷0,425, 
substrate permittivity: εr = 2,2÷6,2, tanδ = 0,001, W/L = 0,001 

Fig. 6 shows the variation of the level of the maximum voltage induced by a incident 
step and Gaussian plane wave, as substrate permittivity is varied for a fixed substrate 
thickness, d / L = 0,04. The loss tangent for all values of permittivity remains at tanδ = 
0,001. It is seen that the maximum level of induced voltage decreases with increasing 
substrate permittivity, although the variation is relativity less than when the substrate 
thickness varies. This reduced sensitivity is anticipated by considering the trajectories of 
the natural resonances as substrate permittivity varies, also shown in Fig. 5. It is seen that 
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the natural resonances tend to move laterally towards lower frequencies as permittivity 
increases, but remain at approximately the same distance from the real axis. 

 
Fig. 6. Maximum induced voltage over a 50Ω load as a function of 
substrate permittivity. tanδ = 0,001, d/L = 0,04, W/L = 0,001, θ = 60° 

 
4. CONCLUSION 
 

The singularity expansion method (SEM) has been applied to study the interaction 
between a transient plane wave and a printed strip antenna. Subsequent to identification 
of an object's natural frequencies and modes, the SEM formulation results in a closed-form 
expression for the transient current induced on a microstrip element. By separation of the 
object's response into excitation independent terms and coupling terms, the timedomain 
SEM response can be evaluated rapidly for any source orientation or temporal 
dependence. For the step and Gaussian waveforms considered here, it is found that the 
level of induced signal increases with increasing substrate thickness over a range of 
values typically found in microstrip antenna applications. The variation in maximum 
induced voltage as substrate permittivity is changed is somewhat less than when substrate 
thickness is varied, although it is found that induced signal levels decrease with increasing 
permittivity. The shape of the induced voltage or current waveform is highly dependent on 
the geometric and temporal properties of the source for elements printed on relatively thin 
substrates. For elements printed on thicker substrates, the shape of the induced waveform 
is much less sensitive to the form of the excitation, and resembles the oscillation of the 
object's fundamental resonance.  
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