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Abstract: The paper presents the results of a program developed with the MATHCAD application that
allows the simulation of involute teeth gear generation by rack generation. The specific aspects regarding
teeth manufacturing are graphically evidenced: undercutting, tip relief and the effect of rack cutter
displacement upon manufacturing.

1. INTRODUCTION

Involute teeth gears are manufactured by two main methods [1]: by forming the gear
teeth by using milling and by rack generation. The first method uses an involute forming
cutter which has the profile of the space between the teeth and has disadvantages as:
reduced precision, expensive cutters and gears with addendum modification can not be
manufactured.

These inconvenients are eliminated using rack generation, a method based on the
envelope of successive positions set of a cutting rack having a well defined and controlled
motion. This method assumes a special cutting tool and it applies specially to mass and
large series production.

2. THEORETICAL ASPECTS

By rack generating manufacturing, the gear results as an envelope of successive
positions of the tool. The tool is a teethed element with cutting properties.

Next, we assume that the gears are manufactured using a tool with rack profile. Its
profile is conjugated with the reference rack having standard shape and dimensions.
Figure 1 shows the profile of the cutting rack. One can observe cutting edges round the

teeth boundaries, the tip radius of p, = mc,/(1-sina,) where m is the tool modulus,
¢, =0.25 is the radial clearance coefficient and «, =20° is the angle between the reference
rack profile and the normal to the direction of tool movement direction. A, is the straight

line of tool movement, line that rolls without friction over the pitch circle. The rolling
straight line has a displacement equal with the quantity X =mx with respect to the
reference straight line of the gear (along which the tooth has the same thickness as the
width space) and x is the addendum modification of the gear.

One can observe that the pitch circle C, of the gear and the straight line A are the

centrodes of relative movement during manufacturing.
The equations of the reference rack profile are given in Appendix.
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Fig.1. Rack generator

Handra-Luca, [2], presents the equations of the fillet profile from the bottom land by
imposing the condition that both the tool profile and the gear profile from non-involute
region should obey the fundamental law of toothed gearing. In the present paper the
equations of the fillet profile are deduced from the property of the profile to envelop the tool
tooth. In the coordinate system Ox'y' the Ox' axis is directed along the rolling straight line

of the tool (cutting centrode) (4, ) and the 0'y" is the symmetry axis for one tooth of the

tool, Fig. 2, centres coordinates C,(¢,,n,) and C,(¢&,,n, ) of the circles that fillet the tip of
the tooth are:

c &, = [7:/ 4— h:o tan@,) — p, cos(ao)]m;
\ma =, —x— pysin,)m, e

C Sn= _[7[/4 - h; tan(,) — o, cos(ao)]m;
2 * .
Th, = [hao — X — Py sin,) n. (2)

inv(a) + a = tan(a)

X

Fig. 2. Reference system used in the paper
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During rolling of axis Ox', (4,, ), over the pitch circle (¢, ) the centres of the circles
describe lengthened or shortened involutes, as the centres of fillet circles are placed
underneath or on top of straight line (4,, ), respectively. In coordinate system Oxy, fixed

with the gear, Fig. 2, the coordinates of the points C,; and C, become:

Xy = sinfinv(a)] + &, , cosftan(a )] +n, , sinftan(o)]
b2 2cos(a) ' ’

)

Yy . =———cos[inv(a)] =&, , cos[tan(a )] + 1, , cos[tan(a )],
L2 2cos(a) ’ '

The equations of the envelope of curves (3) is found from the system:

f(xy,0)=[x=x, ] +[y=y, 1" =p; =0,

S(xya)_, )
oa '

The concrete form of system (4) is

0 Xo1,2
oo

X712 = Xp12 % > >
0 Xo1,2 N 0Yo1.2
oa oa

0Xo1,2
oo

2 2
0Xop1,2 N 0Yo12
oa oa

After computing the calculus from relation (5) the parametric equations of the
envelopes are obtained:

Po

)

Po-

Yi2=Yo12 F

sinfinv(a)] + &, , cosftan(a)] + 1, , sinftan(a )]...

mz
X(a)= 2cos(a)
mzcos[inv(a)] sin(a) - 2{ & , cosftan(a)] + n, , sinftan(a )]} cos(a) po

\/[mzsm(a)+2c:os(a)§,2] +4cos(a) 7712 m’ (6)

cos[inv(a)] + & , sinftan(a )] + n, , cosftan(a)]...

mz
y(a)= cos(a)
_mz sm[/nv(a)] sin(a) — 2{ &; , cosftan(a )] + n , sinftan(a )]} cos(a) Po

\/[mzsm(a)+2003(a)§12] +4cos(a)? 7712 m-
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Figure 3 presents the involutes described by the centres of the fillet circles, the two
families of circles with p, radius, with the centre placed on these involutes. Using

equations (6), the envelopes of the circles families were represented. As it can be seen
from Fig. 3, each of the two families of circles admits two envelope curves from which only
one is tooth profile. In Fig. 3, the dash lines are used in representing the coiled involutes
described by the centres of the two circles. After graphical drawing, one can eliminate the
curves that don't fit in the tooth profile.
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Fig. 3. Involutes described by the centres of the fillet circles

In addition to the undercutting effect, when the tooth of the cutting tool effectively
incises the tooth dedendum, another negative effect is the tip relief. The phenomenon
consists in the fact the tooth thickness on addendum circle becomes zero or negative.

3. RESULTS

Using rolling condition between the pitch circle of gear blank and the rolling straight
line of the cutting rack, the teeth profiles for different situations were obtained, underlying
the mentioned aspects. Figures 4-7 present the shapes of teeth of some gears obtained
with the program. With solid line the addendum and dedendum circles are traced. The
base circle is drawn with dash line. In Figures 4, 6 and 7 the teeth are undercut and in
Figure 7 the tip relief is present. Generally, the two phenomena are in contradiction, but,
for small teeth number, z <8 they can both appear, as seen in Figure 8.
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Fig. 7. Tip relief and undercutting
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The undercutting radius can be calculated by solving the system:

mz
2cos(a')

N mzcos[inv(a')] sin(a') — 2{&, cosftan(a' )] + n, sinftan(a' )]} cos(a' )
Po =

N/[mzsm(a )+ 2cos(a' )52] +4cos(a) 772
=r(a") cos[— + M}

sinfinv(a')] + &, cosftan(a' )] + n, sinftan(a')]...

2 2 (7)
#ﬁ,) cos[inv(a')] + &, sinftan(a' )] + n, cosftan(a' )]...
_mzsin[inv(a')] sin(a) — 2{ & cosftan(a' )] + n, sinftan(a' )]} cos(a' )
\/[mzsm(a )+ 2cos(a' )§2] +4cos(a')? 772 Pos
=r(a" )sm[2 V/(Z )},
where:
o )= T mzcos(ao),
cos(a")  2cos(a")
(8)

w(a") :21—2£tan(a0)+inv(a”)—inv(0c0).
z oz

The system (7) results from the condition that an involute generated using a base
circle of radius r, intersects the fillet profile described by equations (6). The unknowns of
the system are the pressure angles «' and «". The system requires a numerical solving
method as it is a transcendental one. The system presents real solutions only when the
addendum straight line of the cutting rack intersects the pressure line outside the tangency
points of pressure line with the base circles. Figure 8 presents an undercut tooth for which
the circle of radius r; (in dot line) is drawn obtained by solving the system (8). For the

calculus of r,, radius that bounds the involute profile and the non-involute one, the relation
given by Duca, [3], is used:

r, =0A4=yOK’ + KC’ = JOK’ +(KC - AC)’ =

- X

* 2 . R
=.|r +[rb tan( o, ) — —2 m] -m {Zcos(%)} +[ZS1”(0‘0) 3 h.aa * ] _ 9)
sin( o, ) 2 2 sin(o, )

The relation (9) agrees with the relations given by Maros, [4], Handra-Luca, [2]. One can
observe that the relation for the bound radius given in standard STAS 12222, [5], is not

correct.
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Fig. 8. Plot of the undercutting circle (dot line)

Also, the relation (9) applies only when

zsin(a, ) h, —x
0 _ g >0

2 sin(a, ) T (10)

It is obvious that the relation (10) represents the condition to avoid undercutting, [4].

CONCLUSIONS

The paper evidences the effects as tip relief and undercutting of spur gear during
rack generation.

The effects of displacement of rack cutter upon these two phenomena are presented.

Analytic relations of fillet profile are obtained and the system for the calculus of
undercutting radius is deduced, highlighting the undercutting conditions.
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Appendix

The equation of rack cutting with respect to the reference straight line

f(t)=

~(h,

a

a

b

aQ

a

~(h,

0.1
0.4
Q7

* T P *
+CO)’OSt<Z_E_hao tan(ey)
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