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Abstract—In this paper, we have defined polylinear form
and some specific polylinear forms such as symmetric and
antisymmetric. The theorem that provides a condition when
some p-form is antisymmetric. Differential p-form is defined, it
is proved that it can unambiguously presented as

03(’}) Y oppdp®) (€ DAEGA
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Where @jijs.._ji1p : D—R, D is an open set of space R™. This
differential for is n times differential when the function
®j1ja.._jip is also n times differential. Then, the formula for the
calculation of integral of the form ® on multiple M is given.
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. ANTISYMMETRIC POLYLINEAR FORMS

ERMUTATIONS: Let’s say that J is a finite set of
m elements. Each bijective reflection 6: J—J is called
permutation of the set J.

Let’s say that by, b,...., by are the elements of a set J
and Py, is a number of its permutations. It is obvious that
when m=1 then P;=1. If m=2, then P,=2: by b,; b, by If
m=3 then P;=6: bly bzy b3, bl, b3' b,; by, by, b3, b,, b3, bi;
b3, by, by; bs, by, by

By mathematical induction, it is shown that P,, = m!

If in permutation my, m,,...my, there is such a pair (m;,
m;), where j>i and m; < m; then we can say that pair
forms INVERSION.

If the number of inversions is even, then permutation
is called EVEN, if it is odd, the permutation is also called
ODD.

Theorem 1: if two elements in permutation change
places than the parity of permutation changes.

Proof: Let’s assume that two adjacent elements of
permutation change places. If the mappings o: Jp—Jy T
Jn—Jm of permutation are such that

6 (Jm) = {Mq...myq, My, Mig, Misz.. .My},
T (Im) = {My,... My, Miger, My, Miep...Mp}

Pairs (m;, m;) in both cases simultaneously form or do
not form inversion, if i<k and j>i are arbitrary and if
j>k+1 and i<j are arbitrary.

One pair that does not satisfy the legality shown is
(my, my) that transfers in (my.1, my) and therefore,
number of inversions is changed for one, which means
that parity is changed.
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Let’s assume now that two arbitrary elements change
places, m; and m;. Then it is required to make 2 i —j -1
change of adjacent elements. If the number2 i —j -11is
odd, then the parity of permutation is changed. This
proves the theorem.

Let’s take two permutations of the set J

bi’ = G(bi) y bi” = ‘E(bi) y | = 1, 2, PN 1 N

Permutation products ¢ and 7 is called the permutation
b’ =(c-1) (b)), =1, 2, ..., mwhich is obtained firstly
by the application of 1 permutation and then o
permutation.

Permutation ¢ is called REVERSE permutation o, if

1. 6=0-0"=1where | is identical permutation, i.e. b;

c
=1(b),i=1,2,...m.

If 5, T and y are three arbitrary permutations then (c- 1)
2y=0e(T-7)

In general case, product of permutation that is not a
commutative operation i.e. Go T # T-G.

Permutation i—o(i), o(i)= o;, i € J, is called
TRANSPOSITION, if there is such a pair of different
numbers k € J, £ € J,that k = 6;, £ = o and i = o; for
any i different than k and £.

If o is the transposition, than o
permutation.

Mapping

2 js identical to

G - {+1, -1}
+1,if o even permutation

—1, if o odd permutation
That is based by SIGNATURE OF PERMUTATIONS.

I.POLYLINEAR ANTI-SYNTHETIC FORMS

Let’s say that E;, E,, ... Ej are vector spaces over the
field R. Polylinear form is the mapping ¢: E;x Exx_ x E,
—R, so VK€ 1,2,..,p is valid also for the fixed
element system a; € E;, i #k, function:

Xk = @ (@,...,81, Xk Aks1,...,3p) Meets the following
conditions:

@ (als R E 7\’Xk1 A1y aap) = 7\‘()0 (a].? skl Xk
A+, - - aap)
©(ag,....ak1, Xk + Xy Aar..-3p) = @@r...ak1 Xk

ak+1,...ap) + @(ay,. .. ak1, Xk, Ay, - .ap).
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Polylinear form is anti-symmetric if it changes the sign
in permutation of its two arguments.
Let’s say that

Ei=E; =...=E,=R" = E, R™xR"x.. . xR"=EP,

Then polylinear form ¢: EP—R is called p-form or
polylinear form of p degree. With the help of :J, —J,
can be defined the mapping of c¢:

EP-R 0@ (Xlx X2,...Xp) =@ (Xclx X029~~~ch)

Polylinear form ¢@:EP—R is called ANTI-
SYNTHETIC, if 6 =¢; ¢, V 6 €Gpy,.
It follows that 6 =-¢ if o is transposition.

By symmetrization Sg of the p-form of @:EP—R, we
imply p-form determined by the following equation
SP = se6, 00

By anti-symmetrization Ag of the p-form of ¢:EP—R,
we imply p-form determined by the equation

1

A(p = 17 €6y Eg0Q

Theorem 2: let’s say that E=Ry,, €y, €,...en, is the base of
Rn space. Then, p-linear form ¢@:EP—R is anti-
symmetric, then and only than when it can be presented

as follows

@ (X1, X2,-.,Xp) =2 Ajrjos---Jp Qjajo---JP> 1Sja<j2<...<jpsm
where

Qjo---Jp € Ry Ajrjos. . Jp= det (Xij), 1<i<p, 1=<k<p.

One may see that last relation is unique and ajyjp...j, =
(p({),jljz...jp). ]
Elements A jy, j,...j, for the base of space A, (R™, R)

since the space A, (R™, R) has a dimension C? = ’;‘ .
Proof: let’s say that @:EP—R is a p-linear anti-

symmetric form. Then, if e4, e,, ...en, is the base of space

R™ then x= TLixije, =12, 0, and due to

polylinearity ¢

Y (Xl!XZa 5Xp) =

(elj,l er,Z epj,p).

jrajrz gtp X1jig X2jig o Xpjr, @

Let’s take an arbitrary upward series of p indexes
J1<j2<...jp from the set J,. Now, we will add all the
summands within the sum Il whose indexes ji', j;'...jp'
are permutations of ji, j,...j,. The amount of those
summands is p!, where they make up a sum that can be
presented as

octy €0 X1 5, X2 o XD @ (e1), €2j, - €pj,) = @
(elj1 ezjz epjp) det ( ij|), lfkfp, ISISp
By adding according to all growing indexes

J1<)2<...<jp from the set Jm, we obtain the sum | and
equation II.
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Now, we shall present the mapping of ¢:EP—R in the
form | with arbitrary coefficients a;sj,...j,. Let’s show that
@ is anti-symmetric and p-linear.

Actually, ¢ is the sum of functions out of which each
is in proportion with some determinant and that
determinant is polylinear anti-symmetrization and,
therefore, it represents an anti-symmetric form.

At the end, we need to mention that form | is unique,
i.e. the equation Il is certainly valid. Actually, if we put
X = L for i=1,2,...p (ki<k,< ...<kp), then we get
Ajs,j2---Jp Bk, Uizs ---Lip) = S Sjaka- - Sipips

Where &, are Croneker symbols. From this it follows
@ (Ekl, k2,... fkp) = Ak1, k2-~~kp|
i.e. coefficients Il are found in one meaning form. This
results in anti-symmetric p-forms Aj j ...j, form a base
in space A, (R™, R) and that dimension of that space is
Cfl. This proves the theorem.

Let’s say that on R™, p linear forms are given

@i :R" >R, i=12,...,p. (1)

From these linear forms we can make a p-linear form
(X1, X900 0sXp) = @1 (X1) @2 (X2) «o. @ (X))  (2)
Anti-symmetization of the form (2)
(X1, X2ree0Xp) = g6, €0 @1 (Xgy) @2 (Xg,)
0, (%) @3

We call EXTERNAL PRODUCT of the form (1) and
we label it in the following way @1 A @2 A ... A @,.

Accordingly, for any vector system Xy, X, ..., x, from
R™ the following equation is valid
(@1AP2A...APp) (X1, Xa, ..., Xp) = det (@i(X;)) (4)
l<iz<p
1<j<p

For two linear forms x — ¢ (x), y — ¥ (y), x€R™,
yeR™, the following equation is valid
(p AY) (xy) = 9(x) ¥(y) — @(y) ¥(x).

Let’s say that {1, £y, ... £ is a base of space R™. We
will mark with (&) the linear form, which joins each
vector x € R™ its i coordinate. In that case, external
product (&) A (&) A ... A(&p) represents a p-linear anti-
symmetric form, which according to (3) represents anti-
symmetrization of p-form ((&1) A (&) A ... A (&p)) (X4,
X, ..., Xp) = det (Xji), for:1<i <sp and1<ksp

Then, p-linear form, determined by form | can be
written as

O=3 Aipenofyp (E) A (E) A .. AEp),
1<ji<j; <i.gpEm

®)

1.
Let’s say that D is an open set of the space R".

DIFFERENTIAL FORMS
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Definition: By differential form of degree p (or
differential p-form) defined on D and whose values are in
R, we imply the following function:

o:D— A, R™, R).

Function ® mapps each point x € D in anti-symmetric
p-form. Differential p-form is n times differentiable if the
function o is n times differentiable, where n is a positive
number or + <.

Set of all n times differentiable p-forms on D with

values in R we will mark with the symbol .Qpn D,R . Set
Qp” D, R is vector space over the field R.
Ifwe Q' D,R,XED, Xy, Xy, ..., X, € R", then with
o(x) (X1, X,, ..., Xp) € R we can mark the values of the
function o(x) € A, (R™, R) on vector system Xy, Xy, ...,
X, €R™

Sometimes, those values are written with  (x; X1, X,,
vy Xp).

Theorem 3: If (&)is a linear form that joins each vector
XeR™ its i coordinate, then each differential p-form,
determined on D with values in R, is presented as follows
02)=Y oo (@) &) A ) A A (Gp),  (6)

1 <j1<jo<...Gp<m
Where ®jyjp...j, : D—R. this differential p-form is n times
differentiable then and only then when the function
W®itj2- - .Jp 1S N times differentiable.
Proof: For each x € D, the form w(x) is anti-symmetric
form. According to the theorem 2, each anti-symmetric
p-form can be presented in the form of equation I.
furthermore by using linear forms (§;), each anti-
symmetric p-form can be written in the form of equation
(5) which matches the equation (6). VVector space A, (R",
R) has a dimension C” and it is identified with C?
product RxRx...Xr. Therefore, ® is n times differentiable
then and only then when each of the components wjsj;...jp
appears n times differentiable, where
D ¥ = 2 D cop i@ AEA .. AGH,
1 <j; <jp<...<jp<m.
For partial extracts by coordinates, the following
formula is valid:

w _y 0w ojo- o) A ) A ... A Ep),

Oxq - E
j2<...<jD§m.
The theorem is proved.

From now on, instead of (&;), we will write dx; where dx;
stands for linear form on R™ which joins i coordinate to
each XeR™. Therefore, if X = (X1, Xy, ..., Xnn), then

dxi (X) = Xi

if Xi = (Xily Xig, oo

1<j;<

., Xim) © R™,i=1,..., p then

Xm Adxo A ... A dXD (Xl, Xz, ey XD) = det (Xijk)
1<i<p

1<k<p

Now, differential p-form @ on D € R™ with values in R
has the following form:

O)(X) = z (Dili2~~-jD (X) dle A dez A...Adep.
1 S_]l < j2<. ..<jp <m
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Right side of this equation is called canonical record of
differential form. Its values on vector system X, X, ...,
X, from R™ are determined according to the formula

o(x) (X1, X, ..., Xp) = (Djljz...jp (x) det
(Xii)-
1 <j1<jo<...<Gp<m 1<i<p
1<k<p

Let’s say that a €Q," D,R,B€Q, D,R,DcC
R™.

For each X€D, a(x) belongs to the space A, (R™, R)
and B(x) to the space Ay(R", R). Then, its external
product is

a(x) A B(x) € Apeq (R™, R).

By EXTERNAL PRODUCT of differential forms a and
B we imply differential form (a0 A B) (x) € .Qpn+q D,R
where the mapping x — (a A B) (x) on vector system X,
X2, ..., Xp+q from R™ is determined by

(a A B) (x5 Xy, Xy, ..
Xap) B(x; Xopers -

o Xprq) T o€Gpiq Eo A6 Xoys o
> X"p+q)

Where the summing is performed according to
permutations of o set J,., Which meet the following
condition g, < g, <...<gp and 0p+1<0p+2<...<Op:q.

Let’s say that f : D—R, D € R™ is differentiable function.

In that case, its derivative f ’= (;Tf:Tf. . 'aan ) determines
1 2 m

differential form of the degree 1 (the first differential) on
D with values in R. it is usually marked in the following
way

of

— x dx,,.
xm i

df(x)=:7f1 x dxl+aan2 x dx, + ...+

If there are p scalar differential functions given f;: D—R,
D € R" , i=1,2,...p, then observing differentials as
differential forms of degree 1, their external product is
represented as

D (f1.f2.-1p)

dfhAdRA...Adf)(X) =X DETE T dx;, Ad

ij AL /\dep.

Xjp,

Actually, if p=m, then

dfiAdfA ... Adfy) (x) = = Sl2em) g Adx,

D(X1,X2,, Xm)
A Adx,.

IVV. INTEGRATION OF DIFFERENTIAL FORMS

Let’s say that M c R" is p-dimensional compact
multiplicity of the class C' and that orientation is given

on M. Let’s say that w € Q) U,R is a differential p-
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form of the class C° in some environment U of M
multiplicity. It is required to determine the integral
P

w

M
Of the p-form ® on multiplicity M, where (p) denotes
the multiplicity of the integral.
Firstly, we shall observe one particular case, when the
intersection of multiplicity M with carrier of p-form o is
contained in a related open set V c M, for which the
parametrization of the class C1 is determined

@ : D>V

where D is related environment of null in RP"
Parametrization

t— @), t€D, t=(t,...t,)

we shall select in such a way that it is in accordance with
given orientation M. it is obvious that M N supp ® —
compact is contained in V. therefore, its original @™ (M
N supp ®) — compact is contained in D. Let’s observe
differential form ¢*w, defined on a set D.

It can be written as

f(t) dty A ... A dt,.

If o(t) = (91(t),....@n(t)), t € D, then we compliantly
form the exchange of parameters

D(9j;,..9jpn)
9*(w) = X Wy jpe® T # dtg A ... Adt,
1§j1< <jp§]f1,
And then
D (9j;,..%4p

) . .
f(t)=2wh]pe(p t 5 1§J1<...<J <n.

D ty,.tp ’

Function f is continuous on D with compact carrier.
Integral of the form ® on multiple M is determined by
the equation

») ®)

ftduh.. Adt, =

®)

w = (p*(;)’

M D
Or by using the form (1) we get
dt;A..Adt,,

1<j; < o

In that case, it follows
»

ftdth. Adt,= 6
D

ftdt .dt,
D

Where 8 = +1 if the base R is positive and 6 = -1 if
the base RP is positive. We need to prove that formula
does not depend on the choice of parametrization ¢.
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Theorem 4: Let’s assume that the intersection M N supp
o of p-dimensional compact multiplicity M c R" with
the carrier of differential p-form © of the class C° is
contained in related open set V. M. In that case, the
equation (2) is valid for any paramterization: D—V of
the class C*.

Proof: Let’s assume that second parametrization y: D' —
V' of the open set V' ¢ M that contains compact M N
supp o is given. Let’s say that

Vi=VnV, D;=¢" (Vi) DycD, Di=y? (V)
D,'c D. If M N supp o is contained in the set V and in
V', then (M n supp ) c Dy Therefore, carrier of the

form @*w® is contained in D; and thus lgp)(p*w =
(»)
p, P *w. 4)
For that reason,
(2] (2
D,¢*w= Dlltp*w. (5)

If X : D,' — D;some C* is differentiated and it retains the
orientation, then the following equation ¥ = ¢@-A is
correct on the set D,

From this, it follows that Y*m = A*(@*w)

In accordance to the theorem about the exchange of
variables in p integral, we get

®) ®)
Yrw= @ * w.
Drq D,
From this, and from equations (4) and (5) we obtain
») »)
Y*rw= @ * w.
Dr D

Which proves the correctness of the definition of

integral Aflp) w through the equation (2).
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