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CALCULATION ALGORITHM FOR
DETERMINING THE EFFORTS FROM
CARDAN JOINT MECHANISM WITHOUT
TECHNICAL DEVIATIONS
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Abstract—The normal cardan joint with multiple
technical applications is a particular case of the RRRR
mechanism in which the axes of cardan cross are perpendicular.
Being of the third family the mechanism with one cardan joint
is multiple statically indeterminate.To calculate the reactions
from kinematic pairs is used elastic linear calculation.

In this paper is established the calculation algorithm for
determining the efforts of the ideal (without technical
deviations) cardan joint mechanism and using the numerical
calculation methods allows determining the reactions from the
kinematic pairs.

The results of the numerical solving of this problem will be
presented under the form of a diagrams and will be commented.
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. INTRODUCTION

UUNDER the influence of external loads, the elements of

the mechanism are deformed. The elastic
displacements are small and defined by the vectors of
small rotation, which act similarly to the angular velocity
and small displacements, defined by displacement
vectors. Expressing them in pliicker coordinates and
applied the relative displacements method make possible
the determination of efforts and the reactions from the
kinematic pairs of the mechanism, multiple statically
indeterminate [1]-[4].

1. GENERAL ASPECTS

The mechanically speaking (static) , the 4R
mechanism has unknown the reactions from the
kinematic pairs A, 2, 3, 5, 6, 8 and also the moment
from the joint A (see Fig. 1.), in total 31 unknowns and
18 equations, result in 13 times statically undetermined.
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Fig. 1. The 4r Symmetrical Spherical Quadrilateral
Mechanism.

For determining these components a linear elastic
calculation is used. In the following, a mathematical
model with being elaborated for the linear -elastic
calculation of reactions, a model that has as basis the
method of relative displacements, presented in paper [5],
with the notation in pliicker coordinates.

In the elastic calculation the joint from A is blocked
(see Fig. 1.), the thing that explains the apparition as
unknown of the axial moment at that point.

The pivotal points 1, 4, 7, have the displacements {Al}
. {A4} . {A;} , and the pivotal points with the cinematic
couples 2, 3, 5, 6 have left-right displacements with {ASZ}
A8 st b st agh bt lad). pivotal point
8 has the displacement to the left {A‘;} and to the right
{A"g}: {0} .S0 the relations are written under the form:

)

where {Ui}, i =2,35,6,8,are the column matrixes of
the pliicker coordinates attached to the kinematic
pairs [5],[6].
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From the pivotal points balance results
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[K21]{ 2} {A1 [K243] 1? {{AAj}: [V,]=[1.0,000]; [V5]=[01000]; [Vs]=1[0.0.1,0,0]
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['%4]{&5} {A4}3 [K57]Eé%}_{A7}}= {0} and [V, ] the matrix that verifies the relation
[KGA] } A, +[K67] -7 ={0 =\
2 AR dldqm]i % . o=l ©
[K78 (A, }- 8 anifZ[KhM]{UZ}-: [KZA]{UZ(E[V2 ]{é} , and the analogue.
so, the notations are made
i[j}(;f(]a;(gnKtj:iL;GV\:;et; [Kij] , Is the rigidity matrix of the MKyl -[Kw] —[K13] [o]
—[Ka] K] D] -[Ka]
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{K55}={K54}+%K57} : [[Kse]]=[Ke4]+[K67] ol o [ [
Ko7]= 1K s |+ K76+ 1K 78} [0] [0] [0]
and taking into account the relations (1) it results [0] [0] [0]
(CAMES A ‘ .o )- 0 el kel
[K21]{A} [KooJA% f-[K o fAu}+ - [Kas] -[Kue] [0]
+§2[K24]{U } {} [K55] [0] —[K57]
—[K31]{A [K33]{A } [K[34]{?{ } {} [0] [K%] _[K67]
+E&3|K34 U _ - )
[K31]{A [K33]{A} [K34]{A4 _[0] [K75] [K76] [K77] ] 7
1 FG31K34Ys (4)
—[K54]{A [K55]{A }g[K[';]{]A{U } { } [K24]{U2}[V2]
+&5[K57]{U } { } [K34]{U3}[V3]
licoca b casls - + i ]| Tl faduslvl | g
+§6[K67]{U } { } [K57]{U5}[V5]
[K75]{A } [K76]{A } [K77]{A 235[K75]{U5}_ [K67]{U6}[V6]
—gs[ 76]{ }+§8[ 78]{ } {O}
The notationtare made as el __ [K57]{U5}[VS]:-Péiﬁldej\\//ﬁsr_

and then the equations (4) are combined into the equation

120



ANNALS OF THE UNIVERSITY OF ORADEA
Fascicle of Management and Technological Engineering
ISSUE #2, AUGUST 2016, http://www.imtuoradea.ro/auo.fmte/

[ a}+ [k, Ke}={o} ©) _ S
0 00O 0 0
equivalent with 42 scalar equations.Isolating the left side 0000 0 0
of the pair 2, (see Fig. 2.) results that 3 14
[k.]=|0 0 0 0 0 Fl=| o [ (4
{R2}= {EZ }= [Kzl]{{Asz }_ {Al}}' (10) 0 00O 0 0
0000 [T [usl] O]

,/—|H\ (Ry)

&{Q’S}

Fig. 2. The isolation of couple 2.
[Ri] , {Ef} being the column matrixes of the pliicker
coordinates of the reactions from the kinematic pairs [5]

[6] respectively the column matrixes of the efforts from
the bar from the left of the kinematic pairs. And the

analo?ue { }= [Kgl]{{ASS }_ {Al}}
{Re)= s )= ke -0}
Eaj=lealfon)-(a.)

< { (11)
{Re)= 3 }- 17} = [ s - 0 - )

[F],being the column matrixes of the plicker
coordinates of the external load.
_és{us}

as 6.0, (R1=0 ana {8}

the equations are obtained
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{ 2} [K2i] —{ Z}T[K21] 0
{GS}T[KM] 0 _{DS}T[KM]
[K:]=|o 0 0
0 0 0
0 0 0 (13)
0 0 0 0 i
0 0 0 0
{05} [Ks.] -{ }[K54] 0 0
{06} [Kea] 0 _{DG}T[KM] 0
0 0 0 { }[K78]
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the equations (11) are combined in the matrix equation

[ Ja)+ k. Jed = 7}

equivalent with 5 scalar equations.
The equations (7), (15) can be narrowed with the
notations

(15)

(ki K]
[K]‘[[Kal [m]]‘ "
in the equation
()] [0}
[K{{a}H{ﬁ}]' "

equivalent with 47 equations with 47 unknowns from
which results {A} and {é} , and the reactions and efforts
are calculated with the relations (10), (11) in which

{Ass}z & {Us} :

Il.
1) The indexation of bars is done from i=1.2,...14 and
the lengths are noted with |, ,i=12,...14 , with

|2=|4; |3=|5 ; |6:|7;|8:|9 ; I1o=|12 ; I11:I13'

CALCULATION ALGORITHM

Fig. 3. Indexing bars.

2) The inertia moments is calculated:

nd2

nd4 .18

I =1. =20
64

iy iz 'A

i = liy + 1
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3) The rigidity, flexibility matrixes [k;] ,[n;] are
calculated _in the local reference system:

0 0 0 % 0 0
i
0 0 eElg . 12I|E.3i 1, 0
I 1
6E;l;, 12E;1;,
k]= i i
GI"iX 0 0 0 0 0
i
4E 1, 6E;l;,
0 o 0 0 0 —?
0 0 4'EiIiZ 6EiIiZ 0
I; 12
L ! I J
(19)
_ | -
0 0 0 0 0
5 Gilix
0 0 I 0 I 0
2El;, Eily
2
h]= | 2E;l;, =
i 0 0 0 0 0
EiAi
I? 17
0 0 0 0o -
3Eiliz 2Eiliz
3 2
0 0 I 0 I 0
| 3E;ly, 2E1;, |

where, E; ,G; are the elasticity modulus.

4) The rotation, translation matrixes [R}[G;] are
calculated, with the relations from TABLE 4.3.1, [7] and

then the product [Gi ] [Ri ]
5) The position matrixes are calculated [5][6] :
[T_]_[ R [o]}
T IR R

Ri]" 0
W:[ T [1T].

RI'le]" [ri]

[Ri}[Gi}[T;]. are the rotation, translation, position
matrixes of the local systems of reference O;X;y;z; in

relation to the mobile systems of reference OXYyZ; ,
OXoY*Z , OXYZ;, defined in the paper [6].

6) The flexibility, rigidity matrixes [H,} [K:] in relation
to the mobile reference systems OXY,Zy, OX,Y *Z ,
OX YZ; are calculated [5], [6] :

(510 0 i)l (54 S O ey

7) The matrixes [H ;3], [H :5], [Hfo,n], [H;2,13] are
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calculated:

i l= s bl s )= I L
[HIO.11]= [HIO]+ [Hzl] ? [H12,13]= ["'Iz]Jr [HIs]

8) Itis identified:

(S S B (S 5 3 el (S A
al=lec]: b=l el [
bl b bl Bl b
[K27]= [sz,lsrl? [K;8]= [KI4]

9) 6, is calculated with the formulas:

(23)

-

arctg (itgel);o <0, < r
ca 2

T T
_19 =
27172

0, =1 n+arctg(itgel);£sel<3—n (25)
co 2 2
21T 2

2w+ arctg (itgel);g—ft <0, L 2m.
L ca 2

where 6, is the rotation angle of the input driving, 6,

the rotation angle of the output driven, « the angle
between the cardan shafts and by c noted the
trigonometric function cos .

10) [Rag}[Rac}HReol, [Tas }[Tec }Teo] the rotation,
position matrixes of the mobile systems of reference
OXYyZy, OXoYZ, OX'YZ;, which contains the input
driving, the cardan cross and the output driven in
relation to the system OX,Y,Z, are calculated with the

relations [5] , [6]:

[TAB]=|:[RAB] [O]J
o] [Ras (26)
el B g ffd B

] [Rec] o] [Reo]
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1 0 0 ca sasf, sachd,
[Racl=|0 6, -6, [[Repl=| O B, —30,
0 s6;, «cB; —so. cash, cach, |(27)
€0,c0, +50,50,ca  sasO, 0
[RBC]= —0,50,s0. co, —s0, |
—30,39,s0 casd, ¢O;

whereby s noted the trigonometric functions sin.
11) The rigidity matrixes in relation to the general system

of reference OX,Y,Z, are calculated:

[Kud[KeH Ky,
[K] = [TAB IK* ITAB ]_1 .
(K. [KaJ[K

formula type

[K]= [TBCIK*ITBC]_l'

[K57],[K67],[K78] for the output driven with formula
type

] for the input driving with the formula
(28)

45],[K46] for the cardan cross with

(29)

[K]=[Teo IK* ITCD I (30)
12) Are calculated:

{u,}={u,}=]0,—s6,,¢0,,0,0,0]
{Us}={Us}=[s0,50,c0,,50,c0,0,00]"  (31)
{Ug}=[cat,0,-521,0,0,0]".
{0.}-{0.}-To00.0-s0,,c0,]"

{1—,} { }= [0,0,0,50,50,¢0,,50,ca]”  (32)
{8} [0,0,0,ca,0,—sat]".

{F}=M[0,0,0,c0.,0-sa]" ; {GB}T{F}= M. (33)

13) Are calculated the matrixes
[Kl],[Kz],[K3],[K4],{F }[K] with the formulas (7),
(8), (13), (14), (16).

14) 1t is solved the matrix equation (17).

15) The reaction from A is calculated with the relation

{RA } = _[KlA ]{Al }

and expressed in local coordinates.
16) The reactions are calculated

(34)
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{R2 }, {R3 }, {R5 }, {R6 }, {RS} with the relations (10),
11).
17) (The) reactions are expressed under
{R2 } {R3 } {R5 } {R6 } {RB} in the local system
coordinates.
18) The graphs
&, i=2,3,5,6,8 and R;,,M;

ix1 i=A,2,3,5,6,8
are made taking into account 6, .

ix

V.

It is considered the cardan joint mechanism from Fig.
3. The mechanism's elements have the following
geometrical and mechanical characteristics: the lengths

l; =1=006(m), the diametersd; =d =002(m), the
sections A; , the elasticity modulus E:2,1-1011(N/m2)
,G:8;L-1010(N/m2) , and the main central inertial
moments ., 1, , | i=12,..14. The

iyr iz

NUMERICAL APPLICATION

ix=|iy+|iz '

mechanism is driven by torque M =1(N-m). On the

basis the mathematical model which will be presented in
the next paper and the algorithm presented in this paper
has been realized in Excel a calculation program of the
reactions from the kinematic pairs. As a result of
numerical simulations were obtained the following
results.

In the case where the angle between the cardan shafts is

a =0°, the reaction forces and moments Rgx ,ng ,Rgz :

M2y, M2 M2, from the kinematic pair 2, in the

general system of reference varies as shown in Fig. 4.
and Fig. 5. and in the local system of reference the

reaction forces RSX ,RSY ,RSZ varies as shown in Fig. 6.

R.eaction fivos [}l']
- - R..° -
/N I\ /
. hY
AR Rt |
. N AY 7 !
50 19 i 150 240 238 3 j-': &
-2 \) L 4
4 N Z0 |
N _ P . o
-5
=0 Angla of sotation B [dagsear]

Fig. 4. The variation diagrams of reaction forces in the general
reference system in the kinematic pair 2, for a=0°.



ANNALS OF THE UNIVERSITY OF ORADEA
Fascicle of Management and Technological Engineering
ISSUE #2, AUGUST 2016, http://www.imtuoradea.ro/auo.fmte/

F.eaction momant [Nm]
01 I_ MM M
a1 50 1 IE ] 230 340 330 490
-0.2
-03
-04 T
Mz
-05
-0
o=0" Anglaof rotation B [dapmas)

Fig. 5. The variation diagrams of reaction moments in the
general reference system in the kinematic pair 2, for a=0°.
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Fig. 6. The variation diagrams of reaction forces in the local
reference system in the kinematic pair 2, for a=0°.

From the variation diagrams it is found that the
reaction forces and moments are constant in the local
systems of reference for all kinematic pairs and in the
general system of reference remain constant.

The variation of the components Rgx ,RSY ,Rgz , in the

local system of reference for =10, a=20°, a=30°
are represented in Fig. 7., Fig. 8. and Fig. 9.
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Fig. 7. The variation diagrams of reaction forces in the local
reference system in the kinematic pair 2, for a=10°.
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Fig. 8.

The variation diagrams of reaction forces in the local

reference system in the kinematic pair 2, for a=20°.
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Fig. 9. The variation diag_rénas_df_ reaction forces in the local
reference system in the kinematic pair 2, for a=30°.

The maxim value of the reaction force R,, from
kinematic pairs 2, increases from 53(N) (a=0") to
5,8(N) (¢=10"), to 6,1(N) («=20") and to 6,3(N) (
a=307).

V. CONCLUSIONS

The elastic calculation and the relative displacements
method makes possible the determination of the reactions
from the kinematic pairs of the mechanism. Following
the numerical simulations made with the program
realized using the calculation algorithm from the present
paper, the following conclusions can be taken.

1) For a=0° in the general system of reference , the
reactions force and moments after axes directions
OY, and OZ,vary with the angle 6, and in the
local system of reference they remain constant. The
axial forces (after axe directionOX,) from all
kinematic pairs have the zero value .

For a#0°, the reactions forces and moments aren't
constant, both in the local and general system of
reference [6]. Their variation depends on the angle
;.

The values of the reaction forces and moments from
the kinematic pairs are increasing as the angle
between cardan shafts o increases [6].

2)

3)
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